0-Centred and 0-ubiquitously graceful trees  by Van Bussel, Frank
Discrete Mathematics 277 (2004) 193–218
www.elsevier.com/locate/disc
0-Centred and 0-ubiquitously graceful trees
Frank Van Bussel
Department of Computer Science, University of Toronto, Toronto, Ont., Canada
Received 18 June 2002; received in revised form 13 February 2003; accepted 10 March 2003
Abstract
A tree T is k-centred graceful if it has a graceful labelling f such that f assigns the label k
to the centre vertex (or one of the centres if the tree has odd diameter); similarly, a graph G is
k-ubiquitously graceful if for every vertex v∈V (G) there is a graceful labelling f of G such
that f(v) = k. In this paper we isolate a small and easily characterized subset of trees that are
not 0-centred graceful, and a larger but still very manageable set of non-0-ubiquitously graceful
trees; these we denote by D and D′, respectively. It is shown that all trees of diameter 6 4
that are not in D are 0-centred graceful, and all that are not in D′ are 0-ubiquitously graceful.
Upon consideration of some very intriguing empirical data we conjecture that these results in
fact extend to all trees.
c© 2003 Elsevier B.V. All rights reserved.
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1. Introduction
Let G be a graph on m edges. A labelling f of the vertices of G is called graceful
if f and the induced edge labelling g→ E(G) de:ned by g(uv)= |f(u)−f(v)| satisfy
the following properties:
(1) f is an injection into {0; 1; : : : ; m},
(2) g is a bijection to {1; : : : ; m}.
If G has a graceful labelling we say that G itself is graceful. The conjecture that
all trees are graceful was :rst made by Rosa in the mid-1960s [7]; since then this
“Graceful Tree Conjecture” has remained one of the more notorious open problems in
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Fig. 1. The smallest counter-example.
graph theory, though in recent years there have been some promising new approaches
to the problem [3,6].
For terms and de:nitions from general graph theory the reader is referred to West
[11].
1.1. Labelling vertices “gracefully”
When one sets about to actually label a graph gracefully, the :rst question is “Which
label goes where?” Here we will look at some possible ways of answering the question.
In this paper we will be concerned with where we can assign the 0 label; this is a
natural starting point for the more general investigation since every gracefully labelled
graph has a 0-labelled vertex.
There are some things we can say immediately, which follow either from the de:-
nition of gracefulness or some well-known folklore constructions. If G is a graph on
m edges, v is a vertex of G, and f is a labelling of G:
• If f is graceful and f(v) = 0, then there exists a vertex u in the neighbourhood of
v such that f(u) = m; this is the only way the edge label m can be generated.
• If f is graceful and f(v)=0, there is a graceful labelling f′ of G such that f′(v)=m;
the converse is also true. This follows the fact that the complementary labelling Jf
of G, de:ned by Jf(v) = m− f(v), is graceful if f is.
• If the degree 1 vertex u is adjacent to v, and the graph G′=G−{u} has a graceful
labelling f′ such that f′(v)=0, then G has a graceful labelling such that v is labelled
0 and u is labelled m (which is merely f′ augmented by the assignment of the label
m to u). This operation is reversible: if G has a graceful labelling which assigns m
to u then G′ has a graceful labelling which assigns 0 to v.
That there are trees which have vertices which cannot be gracefully labelled 0 is
also well known; the :rst counter-example, of order 6, is small enough to stumble
upon by accident (see Fig. 1). This might lead one to believe that for larger n such
counter-examples will be plentiful, but as we shall see that is not necessarily the case.
Some work has been done on trees for which every vertex can be assigned 0 in
some graceful labelling. Most notable are the following two results:
• Rosa [8] showed that for every vertex v in the path Pk there was a graceful labelling
f of Pk such that f(v) = 0.
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• Chung and Hwang [4] showed that if two trees have this same property then the
“product” of the two trees (obtained by identifying every vertex in the :rst tree with
a distinguished vertex in a copy of the second) has this property. In their terminology
such trees were called rotatable graceful.
1.2. New results
Motivated in part by the smallest counter-example, and partly by the fact that every
tree has either a unique centre vertex or unique centre edge, we begin by looking at
graceful labellings of trees where the centre vertex is labelled 0.
Denition 1. Let T be a tree on m edges. If T has even diameter with unique centre
vertex v, we say the labelling f of the vertices of T is k-centred if f(v) = k. If T
has odd diameter with unique centre edge uv, we say f is k-centred if f(u) = k or
f(v) = k. By extension, T itself is k-centred graceful if it has a k-centred graceful
labelling.
Our interest then is in 0-centred graceful trees. The next de:nition extends the con-
cept of k-centred gracefulness to other vertices of a graph:
Denition 2. Let G be any graph on m edges. G is k-ubiquitously graceful if for every
vertex v in V (G) there is a graceful labelling f of G such that f(v) = k. G is simply
ubiquitously graceful if it is k-ubiquitously graceful for all k = 0; 1; : : : ; m.
In this paper we prove the following theorems concerning 0-centred graceful la-
bellings and 0-ubiquitously graceful trees. The :rst provides a complete characterization
in terms of 0-centred graceful labellings of trees of diameter 4 whose central vertex
has degree 2. Here and throughout this paper a branch A will refer exclusively to a
vertex v adjacent to the centre plus any degree 1 vertices adjacent to v, and |A|, the
size of A, will refer to the number of degree 1 vertices (or equivalently, the number
of edges) in A.
Theorem 3. Let T be a tree of diameter 4 having 2 branches A and B, with |A|¿ |B|.
T has a 0-centred graceful labelling if and only if there exist integers x and r such
that






06 x6min(r − 1; |B|);
x is even if r is odd; its parity is not constrained otherwise.
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From this condition for 0-centred gracefulness we can, for any diameter 4 tree T
with m edges and branches A and B, conclude such things as the following:
(1) T has no 0-centred graceful labelling if m is prime.
(2) T always has a 0-centred graceful labelling if m ≡ 0 (mod 4)
(3) T always has a 0-centred graceful labelling if both its branches have even size.
To obtain (2) and (3), we set r = m=2 and x = |B|; the condition from Theorem 3 is
satis:ed since either r or x will in that case be even.
Let D denote the class of diameter 4 trees with centre degree 2 that fail the con-
ditions imposed by Theorem 3. In Section 2 we will look at some empirical evidence
suggesting that in fact all trees which are not 0-centred graceful are in D.
Conjecture 4. The class D contains all trees which are not 0-centred graceful.
We have con:rmed Conjecture 4 for all trees of diameter at most 4:
Theorem 5. Let T be a tree with diameter 6 4. If T ∈ D then T has a 0-centred
graceful labelling.
We will de:ne D′ as the class of graphs obtained by identifying an end vertex of
an arbitrary path with the centre of a tree in D. Note that D is contained in this
class (we let the path in question consist of a single vertex). No such tree can have
a graceful labelling which assigns 0 to the other end vertex of the path, since if there
was such a labelling we could apply the operations mentioned at the beginning of
Section 1.1 repeatedly to obtain a 0-centred graceful labelling of the original member
of D. Empirical evidence suggests that the members of D′ are the only trees which
are not 0-ubiquitously graceful.
Conjecture 6. The class D′ contains all trees which are not 0-ubiquitously graceful.
The following theorem con:rms Conjecture 6 for all trees with diameter 6 4.
Theorem 7. Let T be a tree with diameter 6 4:
(1) If T is not in D′, it is 0-ubiquitously graceful.
(2) If T is in D′, it can be gracefully labelled with 0 assigned to any vertex but one
(up to automorphism).
2. Empirical results
Before we begin with the proofs of Theorems 3, 5, and 7 we will look brieNy at
some empirical results concerning 0-centred and 0-ubiquitously graceful trees. These
are of interest not only because they con:rm conjectures 1 and 2 for trees of the lower
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Table 1
Non-0-centred graceful trees of order n
n Trees Non-0 n Trees Non-0
3 1 0 11 235 1
4 2 0 12 551 4
5 3 0 13 1301 0
6 6 1 14 3159 5
7 11 0 15 7741 2
8 23 2 16 19320 3
9 47 0 17 48629 0
10 106 1 18 123867 7
Fig. 2. First 3 non-0-centred graceful trees.
orders, but also because they in fact preceded and inspired the theoretical results given
in Section 1.2.
The program used to obtain the following results consisted of a tree generator, an
interface, and a labelling function that could optionally be given a list of :xed labels
and vertices they were to be given to. The output consisted of a count of the positive
and negative instances plus a diagrammatic representation of any particular negative
instances found. The labelling function made use of branch-and-bound methods to limit
the search space, but was essentially brute force; while there are heuristics that will
generally :nd a graceful labelling faster [1], these make use of a certain amount of
randomization and so are not really suitable for checking more constrained graceful
labellings where a signi:cant number of counterexamples are expected.
The :rst bank of tests checked for the existence of 0-centred graceful labellings for
trees of order n6 18. The results are given in Table 1.
The :rst thing that catches the eye is how small the number of non-0-centred graceful
trees is; it does not even monotonically increase with the order, n, but seems to jump
about in a somewhat random fashion. But if we take a look at the actual specimens,
there is a very pronounced pattern, as the reader can see from Fig. 2.
These of course are the :rst three trees in the class D; all other counterexamples
found were as well in D, as can be veri:ed by working out the formula for Theorem
3 on all diameter 4 centre degree 2 trees of order n and comparing to the counts given
above. If Conjecture 4 holds it would imply the following (among other things):
• For an in:nite number of integers n0 all trees of order n0 have a 0-centred graceful
labelling.
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Table 2
0-ubiquitously graceful trees of order n
n Trees 0-U Non n Trees 0-U Non
3 1 1 0 9 47 44 3
4 2 2 0 10 106 102 4
5 3 3 0 11 235 230 5
6 6 5 1 12 551 542 9
7 11 10 1 13 1301 1292 9
8 23 20 3 14 3159 3145 14
Fig. 3. The :rst few members of D′.
• For any integer n0 the maximum number of trees of order n0 lacking any 0-centred
graceful labelling is 
(n0 − 3)=2, which is the number of distinct diameter 4 centre
degree 2 trees of order n0. This maximum is only attained when n0 = p + 1 for p
a prime number.
The second bank of tests looked for 0-ubiquitously graceful trees. Since establishing
whether a given tree is 0-ubiquitously graceful is considerably more time consuming
than merely con:rming whether the tree is 0-centred graceful, the tests only went up
to order 14. The results are given in Table 2.
The number of non-0-ubiquitously graceful trees of order n is non-decreasing, which
is in a sense what one would expect. There is, however, an aspect of this sequence
that leaps out on a second look: it is simply the cumulative sum of the number of
non-0-centred graceful trees up to order n.
Looking at some of the actual trees (given in Fig. 3), we see that the :rst, fourth,
and :fth encountered are members of the class D, which is not too surprising; the other
two are trees obtained from the :rst one by attaching to its centre copies of P2 and
P3, respectively. This, as well, is not too surprising. What did turn out to be surprising
was that all negative instances of order n6 14 :t this description: they were all trees
in D′.
This accounts for the cumulative sum; let Dn and D′n be the set of trees of order n
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since we can recursively construct the set D′n for each n by
(1) including all members of Dn, and
(2) taking all members of D′n−1 and augmenting their pendant paths by one vertex.
We should as well note here that in the vast majority of the negative instances the
only vertex which could not be labelled 0 in a graceful labelling was the further end
vertex of the pendant path. The only exceptions were trees for which the base member
of D had one branch with size 1, and the pendant path had length 2, i.e. the pendant
path and one of the original branches were isomorphic. In such cases neither end-
point can be labelled 0 in a graceful labelling, for the same reasons given in Section
1.2. That of course is why the second part of Theorem 7 only holds up to auto-
morphism.
3. Trees of diameter 4 with centre degree 2
We now proceed with the proof of Theorem 3: if T is a diameter 4 tree with
branches A and B, |A|¿ |B|, it has a 0-centred graceful labelling if and only if there
exist integers x and r satisfying






06 x6min(r − 1; |B|)
if r is odd then x is even:
Proof. As we shall see (Fig. 4), every 0-centred graceful labelling of T can be con-
structed using acceptable values of x and r, with some room for arbitrary choice
if x¿ 1 and r ¿ 2; each pair of acceptable values gives rise to ( (r−1)=2x=2 ) distinct
0-centred labellings of T . Let T be a diameter 4 tree with centre degree 2 and m
edges, let u and v be the vertices adjacent to the centre, let A be the branch containing
Fig. 4. 0-centred labelling of diameter 4 tree with 2 branches.
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u and B the branch containing v, and let f be any 0-centred graceful labelling of T .
For the time being we will relax the assumption that |A|¿ |B|, and instead assume
that f(u)=m; as will become clear later, if the branches diOer in size the m label can
only go to the larger of the two. Let f(v) =m− r, where r is any number between 1
and m− 1.
Our :rst step is to determine the acceptable values of r. As it turns out, as well as
satisfying the bound given in the theorem, r must divide m; the particular value chosen
for r will also force at least half of the remaining label assignments:
1. r6m=2. Since m and m − r have already been used as labels for non-adjacent
vertices, the only way we could obtain an edge labelled r is to label a degree 1
vertex in B with m − 2r; however, if r ¿m=2 we have m − 2r ¡ 0, so that is not a
possibility.
2. r divides m. The vertex labels between m− r + 1 and m− 1 cannot generate any
edge labels with m or m − r that are ¿r − 1, so if the edge label m − s¿ r cannot
be generated by assigning s − r to a vertex in B, the label s must go to a vertex in
A. Since by necessity the labels 1; 2; : : : ; r − 1 are assigned to vertices in A in order
to generate edge labels m− 1; m− 2; : : : ; m− r + 1, we are forced to assign all vertex
labels cr+1; cr+2; : : : ; cr+ r− 1 for c6m=r− 2 to A in order to generate the edges
m− cr − 1; : : : ; m− cr − r + 1; that is, all labels less than m− r and ≡ 0 (mod r). On
the other hand, the label r must go to B; and if the label s¡m− r is assigned to B,
the label s+ r cannot be assigned to A, so all multiples of r which are greater than 0
and less than m− r are as well given to vertices in B.
Now in order to generate the edge label r itself some vertex adjacent to v has to be
labelled m− 2r. However, if m− 2r ≡ 0 (mod r) this label has already been assigned
to a vertex in A in order to generate the edge label 2r. If f is graceful, therefore,
it must be that m − 2r is a multiple of r (note that this includes the case where the
2r = m).
3. 1¡r. By the above we have that all s in the range 1; : : : ; m − r − 1 that are
multiples of r must be assigned to the branch B. However, if r = 1 this is simply all
the integers between 1 and m− 2 inclusive, leaving no labels for the branch A.
The assignment of all labels ¡m − r has been forced by our choice of r; at this
point, though, we still need to assign the r − 1 labels between m− r and m. We start
by noting that if m= kr, there are k − 2 distinct multiples of r greater than 0 and less
than (k − 1)r, and (k − 1)(r − 1) non-multiples. This accounts for our size constraint,
since even if we can in fact assign all the remaining labels to B we are left with at
most k − 2 + r − 16 (k − 1)(r − 1) values for all k; r¿ 2. Assuming that in fact
(k − 1)(r − 1)6A and k − 26B, we de:ne x, 06 x6 r − 1 and x6 |B|, by
|A|= (k − 1)(r − 1) + r − 1− x;
|B|= k − 2 + x;
i.e. x is the number of high labels which are assigned to branch B. Solving the
second of these for k and substituting into the :rst gives us the expression in the
theorem.
The high labels can be given to either branch arbitrarily with one proviso: for each
s, 16 s6 r − 1, the labels m − s and m − r + s must go to the same branch. This
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accounts for x’s parity condition. If r is even, we have
(1) Exactly one of x and r − 1− x even, and one odd.
(2) m− r=2 =m− r + r=2, so the label m− r=2 can be assigned to whichever branch
has the odd leftover without worry.
If, on the other hand, r is odd, the values m−r+1; : : : ; m−1 make up (r−1)=2 full pairs,
so x and r−1−x had better both be even if we want to assign these labels gracefully.
4. Other trees of diameter 4
It is easy to con:rm that all trees of diameter 6 3 are 0-centred graceful and in fact
0-ubiquitously graceful; Theorem 3 covers all trees of diameter 4 and centre degree
2. Hence Theorem 5, stating that all trees of diameter 6 4 which are not in D are
0-centred graceful, hinges upon the following claim:
Claim 8. All trees of diameter 4 and centre degree ¿ 3 have a 0-centred graceful
labelling.
Proof. We will begin with some convenient notation.
Denition 9. If G is a graph on m edges, the labelling f of G is range-relaxed graceful
if f and the induced edge labelling g de:ned by g(uv) = |f(u)− f(v)| satisfy:
(1) f is an injection to {0; 1; : : : ; m′},
(2) g is an injection to {1; 2; : : : ; m′},
where m′ is any value ¿m.
Denition 10. Let H be a tree on m edges, and let f˜ be a partial labelling of H
such that the vertices labelled by f˜ form a connected subtree H˜ on m − r edges,
with f˜ being a valid range-relaxed graceful labelling of H˜ in the range {0; : : : ; m}.
Let X = {x1; x2; : : : ; xr} ⊂ {0; : : : ; m} be the set of unused vertex labels, and let Y =
{y1; y2; : : : ; yr} ⊂ {1; : : : ; m} be the set of unused edge labels. We call the pair of sets
{X; Y} the con:guration of f˜; if both X and Y are sets of consecutive integers, we
will say it has a closed con:guration (or simply that f˜ is closed). If f˜ has a closed
con:guration, the parameters of f˜ are the pair (x;y), where:
x = x1 − y1; y = x1 + yr:
While an ordinary con:guration of a partial graceful labelling is merely a list of what
still needs to be done, a closed con:guration has some useful features. Let H , f˜, H˜ ,
X , and Y be as above, let {X; Y} be a closed con:guration, let (x;y) be the parameters
of f˜, and let v be a vertex in H˜ adjacent to a vertex u in H − H˜ . The condition that
X and Y be sets of consecutive integers insure the following two properties:
(1) If f˜(v) = x, labelling u with xi generates the edge label yi.
(2) If f˜(v) = y, labelling u with xi generates the edge label yr−i+1.
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The following lemma tells us that if a partial graceful labelling has a closed con:g-
uration, its parameters contain all the information we need to obtain a more extensive
partial graceful labelling with a closed con:guration.
Lemma 11. Let f˜ be a closed partial graceful labelling of H with parameters (x;y),
let v be a vertex labelled by f, let u be an unlabelled vertex adjacent to v, and let x1
be the lowest vertex label not used by f˜; it follows from De:nition 10 that x+y−x1
is the highest unused vertex label, x1 − x is the lowest unused edge label, and y− x1
is the highest unused edge label.
(1) If f˜(v) = x:
(a) assigning x1 to u generates the edge label x1−x, and the new partial labelling
is closed with parameters (x;y + 1),
(b) assigning x+y−x1 to u generates the edge label y−x1, and the new partial
labelling is closed with parameters (x;y − 1).
(2) If f˜(v) = y:
(a) assigning x1 to u generates the edge label y−x1, and the new partial labelling
is closed with parameters (x + 1;y),
(b) assigning x+y− x1 to u generates the edge label x− x1, and the new partial
labelling is closed with parameters (x − 1;y).
(3) If f˜(v) = either x or y and v has at least two unlabelled neighbours u1 and u2,
assigning x1 to one of them and x+ y− x1 to the other give us both edge labels
x1−x and y−x1, and the new partial labelling is closed with the same parameters
as the old, (x;y).
(4) Increment lemma: If v is adjacent to k unlabelled vertices u1; : : : ; uk , where k is
odd, and f˜(v) = x or y, we can label all u1; : : : ; uk such that the new labelling
is as well a valid range-relaxed graceful labelling having a closed con:guration.
If f˜(v) = x, the e<ect will be to shift the value of the second parameter y up or
down by any odd amount 6 k we choose; similarly, if f˜(v)=y, the e<ect will be
to shift the :rst parameter x up or down by any odd amount 6 k we choose. In
particular, we can label all k of the vertices such that the new labelling is closed
and the new parameters are (x;y±1) or (x±1;y), depending on whether f˜(v)=x
or y.
(5) Maintenance lemma: If v is adjacent to unlabelled vertices u1; : : : ; uk , where k
is even, and f˜(v) = x or y, we can label all u1; : : : ; uk such that the new la-
belling is as well a valid range-relaxed graceful labelling having a closed con-
:guration. If f˜(v) = x we can in the process shift the value of the second
parameter y up or down by any even number 6 k we choose; similarly, if
f˜(v) = y, we can shift the :rst parameter x up or down by any even num-
ber 6 k we choose. In particular, we can label all k of the vertices such that
the new labelling is closed and the parameters maintain their previous value,
(x;y).
(6) Finishing lemma: If all remaining unlabelled vertices of H are adjacent to v, and
f˜(v) = x or y, f˜ can be completed to a full graceful labelling H .
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Proof. Statements (1) and (2) follow directly from the de:nition and the 2 properties
stated below it; for (3) we of course apply both parts (a) and (b) to one of them.
Statements (4) and (5) then follow by repeated application of (3) with (1) or (2)
as needed; (6) is merely the case where the resulting con:guration is empty and the
new values of the parameters are immaterial. The important things to note is that in
the constructions that follow, we do not need to keep track of speci:c vertex labels
assigned or edge labels generated; these are determined (to the extent that they need
to be) by the various parts of the lemma invoked.
We are now ready to proceed with the proof of our theorem. Let T be a tree of
diameter 4, with m edges and k¿ 3 branches:
Case: k is odd. Starting with the centre labelled 0, we assign to the k vertices
adjacent to the centre the labels
1; 2; : : : ;
k − 1
2
; m− k − 1
2
; m− k − 1
2
+ 1; : : : ; m− 1; m:
Since these labels are :xed, we will refer to the vertex labelled i as vi (rather than the
bulkier f−1(i)), and the branch rooted at vi as Ai. The basic plan is label degree 1
vertices a branch at a time, in an order based on the labels given to the root vertices;
we start with branches at the extremities of our range and work our way in, alternating
between high and low branches in (generally) the following manner:
Am → A1 → Am−1 → A2 → · · · → Ak−1=2 → Am−k−1=2:
Of course, these starting labels cannot be assigned randomly to the vertices adjacent
to the centre. The prior constraints upon the labelling are as follows:
(1) Even branches: These will be labelled in pairs, so we would like something like
|Ai| is even iO |Am−i| is even; whether this will work, however, is aOected by
whether the number of even branches is even or odd, and how many of them are
trivial. While there are a number of ways of handling these situations, one simple
method that works consistently is to assign the labels
s1; s1 + 1; : : : ;
k − 1
2
; m− k − 1
2
; m− k − 1
2
+ 1; : : : ; s2
to the roots of the even branches (i.e. the middle values of the starting labelling
given above); s2 = m − s1 if the number of even branches is itself even, and
m− s1 + 1 otherwise; if we have only one even branch it becomes Am−(k−1)=2.
(2) Trivial branches: Note that since these have 0 degree 1 vertices they are even
branches as well. Since our intention is to be :nished labelling by the time we
encounter the :rst of these, they are given values in the middle of the range
assigned to the even branches i.e.
r1; r1 + 1; : : : ;
k − 1
2
; m− k − 1
2
; m− k − 1
2
+ 1; : : : ; r2;
where s16 r1 and r26 s2; similarly to above, r2 = m − r1 if we have an even
number of trivial branches, and m− r1 + 1 otherwise.
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Completing the starting labelling gracefully: We will let fi;j denote the partial
labelling of T when the lowest branch with unlabelled degree 1 vertices is Ai and
the highest branch with unlabelled degree 1 vertices is Aj; our starting labelling is
then f1;m. In cases where it is of technical importance fj will denote the partial la-
belling where only the branch Aj remains to be labelled; however, we will adopt a
slight abuse of notation from the onset, and use fi;j in cases where there may or
may not be more than one non-trivial branch remaining to be labelled, if this does
not materially aOect our strategy at that point (the idea being that generally we can
carry on until we :nd out we are :nished; there are only two situations which re-
quire special handling at the end, and these are both dealt with before we are down
to a single unlabelled branch anyhow). f will of course denote the complete labelling
of T .
Initially we have that since {1; : : : ; (k − 1)=2; m − (k − 1)=2; : : : ; m} have been as-
signed to the vertices adjacent to the centre, the set of unused vertex labels is exactly
the set of unused edge labels, {(k − 1)=2 + 1; : : : ; m − (k − 1)=2 − 1}; this gives
us a closed con:guration, and parameters (0;m). As we shall see, from this starting
point we can always :nish gracefully given the way the even and trivial branches are
arranged.
Branches are labelled either singly, or in pairs, according to one of the 4 following
procedures:
1. Final single: If Al is the last unlabelled branch, with the parameters being ei-
ther (l; j) or (i; l), then we need not trouble ourselves with what happens
to the parameters from here; by the :nishing lemma assigning all remaining
unused labels to Al will result in a graceful labelling. In all cases where we
implicitly arrive at the partial labelling fl this is the procedure that will be
invoked.
2. Odd single: If the parameters of the current partial labelling are (i; j) and Ai is an
unlabelled odd branch, by the increment lemma we can label all degree 1 vertices in
Ai so as to advance the parameters to (i; j − 1). Similarly, if the parameters are (i; j)
and Aj is an unlabelled odd branch, we can label Aj so as to advance the parameters
to (i + 1; j).
3. Even pair: If the parameters of the current partial labelling are (i; j + 1) with Ai
and Aj unlabelled even branches, we can label both Ai and Aj so as to advance the
parameters to (i; j − 1) as follows:
• Label one degree 1 vertex in Ai, advancing the parameters to (i; j) (by Lemma 11
part 1(b)).
• Label all degree 1 vertices in Aj, holding the parameters at (i; j) (by the maintenance
lemma).
• Label the remaining unlabelled vertices in Ai, advancing the parameters again to
(i; j − 1) (by the increment lemma).
Similarly, if the parameters are (i− 1; j) with Ai and Aj unlabelled even branches, we
can label both with the parameters being advanced to (i+1; j); the procedure starts at
Aj in this case.
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4. Even triple: If the parameters of the current partial labelling are (i; j + 1)
with Ai, Ai+1, and Aj all unlabelled even branches, we can label the three as follows:
• Label 1 degree 1 vertex in Ai to advance the parameters to (i; j) (by Lemma 11
1(b)).
• Label 1 degree 1 vertex in Aj to advance the parameters to (i + 1; j) (by Lemma
11 2(a)).
• Label all degree 1 vertices in Ai+1, holding the parameters at (i + 1; j) (by the
maintenance lemma).
• Label the remaining unlabelled vertices in Aj, this time so as to bring the parameters
back to (i; j) (advancing in the opposite direction).
• Finish oO the remaining unlabelled vertices in Ai (where the parameters go from
here is immaterial, since this procedure will only be used when Ai, Ai+1 and Aj are
the last three unlabelled branches).
If the parameters are (i− 1; j) with Ai, Aj−1 and Aj unlabelled even branches, we can
label all three in a similar manner, starting at Aj.
It only remains now to con:rm that these four procedures are suRcient to
:nish the labelling f. We start by de:ning an acceptability criterion for our partial
labellings.
Let fi;j (alternately, fj, f) be a partial labelling of T such that
• The branch Al with root vertex labelled l exists for l= i; : : : ; c; m− c; : : : ; j.
• No branches in Ac+1; : : : ; Am−c−1 require labelling.
• All trivial branches, and no non-trivial branches, are in Ar1 ; : : : ; Ar2 , where c+16 r1
and m− c − 1¿ r2 = m− r1 or m− r1 + 1.
• All even branches, and no odd branches, are in As1 ; : : : ; As2 , where s16 r1 and
r26 s2 = m− s1 or m− s1 + 1.
fi;j (alt. fj, f) is then an acceptable partial labelling if it is in one of the :ve
following states:
State Labelling Parameters Extra conditions
(a) fi;m−i+1 or fm−i+1 (i − 1;m− i + 1) —
(b) fi;m−i or fi (i;m− i + 1) —
(a′) fi;m−i or fm−i (i − 1;m− i) |Am−i| even
(b′) fi;m−i+1 or fi (i; m− i + 2) |Ai| even
(*) f — T is gracefully labelled
These states will be denoted therefore as acceptable states.
The next step will be to show that if a partial labelling of strictly less than V (T )
vertices is acceptable we can always apply one of the procedures to obtain a larger
acceptable labelling. Note that our initial labelling f1;m is in state (a), and is therefore
acceptable: by design it satis:es the global conditions at the beginning of the de:nition.
In fact, these conditions are only made explicit here so that the following lemma and
its corollaries can be used again when we attack the k even case:
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Lemma 12. If the partial labelling fi;j of T is in an acceptable state then either
• fi;j = f, a :nished graceful labelling of T ,
• fi;j can be immediately :nished to a graceful labelling of T ,
• there exists a partial labelling fi′ ; j′ with i′¿i or j′¡j which is in an acceptable
state.
Proof. Since each of the labelling procedures provided takes care of at least one
branch if not more, it is suRcient to show that for each of the acceptable states
except (*) some one of the procedures puts the new labelling into an acceptable
state.
• State (a), |Am−i+1| odd. Use the odd single procedure to label Am−i+1; the resulting
labelling is fi;m−i with parameters (i;m− i+1), so it is in state (b), or (*) if Am−i+1
is the last unlabelled branch in T .
• State (b), |Ai| odd. Use the odd single procedure to label Ai; the new partial labelling
is fi+1;m−i with parameters (i;m− i). Letting i′= i+1 and j′=j, we have fi+1;m−i=
fi′ ;m−i′+1 and (i;m− i)= (i′− 1;m− i′+1), so the labelling is now in state (a), or
(*) if Ai happens to be the last unlabelled branch in T .
Now since there are no odd branches between As1 and As2 inclusive, with s2 = m −
s1 or m − s1 + 1, we know that if we are ever in state (a) with |Am−i+1| even
or state (b) with |Ai| even all remaining unlabelled branches are even branches as
well; hence while there are unlabelled odd branches we alternate between states (a)
and (b).
• State (a), |Am−i+1| even, Ai and Ai+1 non-trivial even branches. Use the even pair
procedure starting at Am−i+1 to label both Am−i+1 and Ai. The resulting labelling
is fi+1;m−i with parameters (i + 1;m − i + 1); setting i′ = i + 1 gives these as
fi′ ;m−i′+1 with (i′;m− i′+2) with Ai+1=A′i an even non-trivial branch, so we are in
state (b′).
• State (a), |Am−i+1| even, Ai+1 trivial. If Am−i is also trivial, the even single or pair
scheme will :nish the labelling (depending on whether Ai is also trivial) and the new
state is (*). Otherwise, Ai, Am−i, and Am−i+1 are the last unlabelled branches and
all even, so the even triple procedure starting at Am−i+1 will likewise put us in (*).
• State (b), |Ai| even, Am−i and Am−i−1 non-trivial. Use the even pair procedure start-
ing at Ai; the new labelling is fi+1;m−i−1 with parameters (i;m−i−1); setting i′=i+1
we have fi′ ;m−i′ with parameters (i′ − 1;m− i′) and Am−i′ non-trival, putting us in
state (a′).
• State (b), |Ai| even, Am−i−1 trivial or non-existent. If Ai+1 is also trivial, the even
single or pair procedure puts us in (*). Otherwise, Ai, Ai+1, and Am−i are the last
unlabelled branches, so the even triple procedure starting at Ai as well gets us to (*).
• State (a′). If Am−i is non-trivial so is Ai, and if there is no non-trivial Ai+1 there
is no non-trivial Am−i−1. Hence we use the even double procedure every time we
:nd ourselves in this state; this takes us either to (*) or state (b), since the resulting
labelling is either f or fi+1;m−i−1 with parameters (i + 1;m− i).
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Fig. 5. Two 0-centred graceful labellings of 5 branch trees.
• State (b′). If Ai is non-trivial so is Am−i+1, and if Ai+1 is trivial so is Am−i; so again
we use the even double procedure every time. The resulting labelling is either f or
fi+1;m−i with parameters (i;m− i), which puts us into either (*) or (a).
While we are labelling even branches, the states either alternate between (a) and (b′),
or (a′) and (b).
Corollary 13. If the tree T has a partial labelling f˜ such that f˜ is in one of the
acceptable states (a), (b), (a′) or (b′), f˜ can be completed to a graceful labelling
of T .
Corollary 14. For k odd every diameter 4 tree T with k branches has a 0-centred
graceful labelling.
Two examples of trees labelled according to the construction are shown in Fig. 5.
The reader might note how strikingly regular the smaller tree’s labelling appears in
comparison with the larger tree’s.
Case: k is even. We cannot apply the above construction directly when the num-
ber of branches is even, since if we label the vertices adjacent to the centre with
the same number of consecutive high and low labels we have no way to gener-
ate the edge m − k=2. Instead we will provide a series of reductions to the odd
case.
The major reductions will all need to make assumptions about the size and parity
of some number of the branches, so as a matter of convenience we will restrict our
attention to trees with no trivial branches. This is not a problem, since if T has an
even number of branches with one of them trivial, it follows “almost trivially” that T
is 0-centred graceful: letting u be a degree one vertex adjacent to the centre of T , we
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have by Corollary 14 that T − {u} has a 0-centred graceful labelling f′, from which
we directly can obtain a 0-centred graceful labelling f of T by merely setting f(u)=m
(the range of f′ is {0; : : : ; m− 1}).
For each of the :ve reductions we start with a general base labelling similar to the
initial labelling f1;m of the odd case; for the :rst three we will use the following, f#:
the centre vertex is assigned 0, and the k vertices adjacent to the centre are assigned
the values
1; 2; : : : ;
k
2




+ 1; : : : ; m− 1; m:
Note that m− k=2 is always ¿k=2−1, since T has diameter 4. Again, we will refer to
the vertex labelled i as vi, the branch rooted at vi as Ai, and the partial labelling when
the lowest unlabelled branch is Ai and the highest unlabelled branch is Aj as fi;j (or
fj, or f, as applicable). The reductions for the most part work by labelling several
branches in way that does not follow the pattern established in the odd k construction,
but which puts the remainder of the tree into one of the acceptable states. To achieve
this some branches of speci:ed parity or minimum size will need be set aside to take
particular root labels (usually those with the highest or lowest values). The assignment
of the remaining root labels will then largely follow the odd k construction with respect
to parity: the branch Al will be even if and only if s16 l6 s2, where s2 =m− 1− s1
or m− s1 (this slight modi:cation of the relation we saw between s1 and s2 in the odd
k construction is meant to distribute the even branches as equally as possible below
k=2− 1 and above m− k=2).
Since no assignments are made to degree 1 vertices yet at this point, for f# the
set of unused vertex labels is the same as the set of unused edge labels, {k=2; k=2 +
1; : : : ; m− k=2− 1}; it is closed with parameters (0;m− 1).
(1) T has at least one even branch, and at least two odd branches, one with size
¿ 3. We start with the labelling f#, with these extra speci:cations: |Am| is even, |Am−1|
is odd, |A1| is odd and ¿ 3. To get to the reduction, we label A1, Am−1, and Am as
follows:
• Label all degree 1 vertices in Am−1 so as to advance the con:guration to (1;m− 1)
(by the increment lemma).
• Label exactly 1 degree 1 vertex in A1, with a low label; by Lemma 11 (1a) this
moves our parameters to (1;m).
• We are now in a position to deal with Am; it is labelled completely so as to keep
the parameters unchanged (by the maintenance lemma).
• The number of unlabelled vertices in A1 is even and ¿ 2; we label it so as to
advance the parameters by two, to (1;m − 2) (by Lemma 11 (5), general case).
The three branches are fully labelled, so the partial labelling is now
f2;m−2.
Let c= k=2− 1, let m′ =m− 1, and let i′ =2. We have that the branches remaining
to be labelled are A′i ; : : : ; Ac; Am′−c; : : : ; Am′−i′+1, even branches range from As1 to As2
where s2=m′−s1 or m′−s1+1, and the labelling is currently fi′ ;m−i′+1 with parameters
(i′ − 1;m − i′ + 1); hence we are in state (a) as de:ned in the odd k construction,
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Fig. 6. A 0-centred graceful labelling of a 6 branch tree.
and by Lemma 12 Corollary 13 can complete the partial labelling to a full graceful
labelling. Hence T is 0-centred graceful. An example of a tree labelled according to
this construction can be seen in Fig. 6.
This reduction takes care of a large majority of diameter 4 trees with an even number
of branches. The cases we are left with are:
(i) T has all odd branches.
(ii) T has ¡ 2 odd branches.
(iii) T has at least one even branch, and all odd branches have size 1.
(i) involves extra complications, so we will leave it for last. The following variation
on the previous reduction will deal with practically every tree in case (ii).
(2) T has k¿ 6 branches, at least 5 of which are even. We start with f#,
letting A1, A2, Am−2, Am−1 and Am all be even branches. They are then labelled
in the following order, to obtain partial labelling f3;m−3 with parameters
(2;m− 3):
Parameters: (0;m− 1) (1;m− 1) (1;m) (1;m)
Branch: Am−1 A1 Am A1
No. labelled: 1 1 All(Even) Rem(Odd)
Advance param: LOW,+1 HIGH,+1 — HIGH;−1
Parameters: (1;m− 1) (2;m− 1) (2;m− 2) (2;m− 2)
Branch: Am−1 A2 Am−2 A2
No. labelled: Rem(Odd) 1 All(Even) Rem(Odd)
Advance param: LOW,+1 HIGH;−1 — HIGH;−1
If k = 6, there is only one unlabelled branch left, Am−3; so with the parameters
standing at (2;m−3) we are done by the :nishing lemma. Otherwise, letting c=k=2−1,
m′ = m − 1, and i′ = 3 this time we see the labelling is eOectively fi′ ;m′−i′+1 with
parameters (i′ − 1;m′ − i′ + 1) and hence in state (a), so T has 0-centred graceful
labelling.
We note that in this reduction, all odd branches can have size 1; so this gives us
case (iii) above as well if the number of even branches ¿ 5. The following reduction
is designed to :ll the gap.
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(3) T has at least 1 even branch, and at least 3 branches with size = 1. Start-
ing again with f#, we let A1, Am−1 and Am be size 1 branches, and Am−2 be an
even branch. The labelling f′# is obtained from f# by assigning to one arbitrary

















Note that we can always count on m − k=2 − 2 being greater than k=2 + 1, since T
has diameter 4. These generate edges m− k=2− 3, m− k=2− 2, k=2, and m− k=2− 1
respectively, so the unused vertex labels are {k=2+ 2; : : : ; m− k=2− 3} and the unused
edge labels are {k=2+1; : : : ; m−k=2−4}; f′# has a closed con:guration with parameters
(1;m− 2). Let c= k=2− 1, m′ =m− 1, and i′ = 2; also, let A′m−2 be the branch Am−2
minus the one degree 1 vertex that is labelled by f′#. A
′
m−2 is eOectively an odd branch
in the partial labelling f′2;m−2 = fi′ ;m−i′+1; the other even branches (if there are any)
are distributed according to the odd k construction about c; and the parameters are
again (i′ − 1;m− i′ + 1). Hence we are in state (a), f′# can be completed gracefully,
and T has a 0-centred graceful labelling.
For cases (ii) and (iii) reduction (3) takes care of all but a couple of tedious
leftovers, trees having too few branches to work with. Constructions for these will be
presented brieNy; they all start with the labelling f# as well.
(3a) k = 4 or 6: two branches with size = 1, the rest even. One vertex ui in each
of the outer 4 branches is assigned a label in order to clear two branches, change the
parity of the two others, and nudge the parameters to (1;m).
Branch A1 Am−2 Am−1 Am





2 m− k2 − 1 k2 + 1
EOective P/S Odd Nil Odd Nil
The labelling then proceeds as follows; for k = 4 we of course stop after Am:
Parameters: (1;m) (1;m− 1) (2;m− 1) (2;m− 3)
Branch labelled: A1 Am−1 A2 Am−3
Advance parameter: HIGH;−1 LOW,+1 HIGH;−2 NA
(3b) k =4: 6 1 branch odd, the rest even, at least one even branch with size ¿ 4.
Assign an even branch with size ¿ 4 to A1; if one branch odd, assign that to Am−1,
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Fig. 7. A tree not covered by any of the cases.
and label all the vertices in Am−1 in the :rst step.
Parameters: (0;m− 1) (1;m− 1) (1;m) (1;m)
Branch labelled: Am−1 A1 Am A1
No. labelled: Odd 1 All(Even) 2
Advance parameter: LOW,+1 HIGH,+1 — HIGH;−2
Parameters: (1;m− 2) (1;m− 2) (1;m− 1)
Branch labelled: Am−2 A1 Am−1
No. labelled: All(Even) Rem(Odd) Rem
Advance parameter: — HIGH,+1 NA
(3c) k = 4, all branches have size ¿ 2, at least 3 have size = 2. Let A1, Am−2, and
Am be the size 2 branches, and let Am−1 be the variable size branch. We then label
two vertices in each branch according to the following scheme:
Branch A1 Am−2 Am−1 Am
Vertex label 4 m− 4 2 m− 6 5 m− 3 3 m− 5
Edge label 3 m− 5 m− 4 4 m− 6 2 m− 3 5
This preprocessing brings us back to essentially what we started with (minus the
8 vertices): a closed partial labelling with parameters (0;m − 1). If there are any
unlabelled vertices remaining in Am−1 we can assign them any unused vertex labels.
(3d) At this point we have all diameter 4 trees with at least one even branch
covered except for exactly one tree. Fig. 7 provides an explicit labelling for this
annoyance.
Finally, we come to the case where all the branches are odd. At this point we have
to abandon our base labelling f#, since it can be shown by parity arguments that for
k ≡ 2 (mod 4) there is no graceful labelling of a diameter 4 tree T with k branches,
all odd, such that the vertices adjacent to the centre are labelled in such a manner. For
k ≡ 0 (mod 4) there is, but these labellings are more complicated then the following
reductions, which work in both instances. We will call the new base labelling used
for these f%: the centre vertex is assigned 0; the k vertices adjacent to the centre are
assigned the values







+ 1; : : : ; m− 1; m:
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That is, we are using the base labelling from the odd k construction with the “slight”
modi:cation that we skip the label 2. vi, Ai, and fi;j will retain their meanings from
before. Since the trees we will be working with have all branches odd, no assign-
ment of branches according to parity is required. Note that this base labelling does
not have a closed con:guration at the onset; the :rst thing that each of these two last
reductions do is label a small selection of degree 1 vertices :rst in order to obtain
one.
(4) T has all branches odd, at least 3 with size ¿ 3. As in the previous case,
this breaks down into subcases which require chasing down progressively smaller trees
(though thankfully not so piddly this time).
(4a) T¿ 8. Starting with f% we label 6 vertices in 5 of the branches so as to obtain
a closed partial labelling with parameters (1;m):
Branch A1 Am− k2+1
Constraint Size¿ 3 Size¿ 3
Vertex label k2 + 3 2 m− k2 − 1
Edge label k2 + 2 m− k2 − 1 2
EOective P/S Even Odd
Branch Am−2 Am−1 Am
Constraint Size¿ 3 None None
Vertex label k2 + 1 m− k2 − 2 k2 + 2
Edge label m− k2 − 3 k2 + 1 m− k2 − 2
EOective P/S Even Even/nil Even/nil
We then label branches A1, Am−2, Am−1, and Am in the following order; if Am
and Am−1 are left with no unlabelled vertices by the initial labelling they can be
ignored:
Params: (1;m) (1;m) (1;m− 1) (1;m− 1) (1;m− 2)
Branch: Am A1 Am−1 A1 Am−2
Number: Rem 1 Rem Rem(Odd) Rem(Even, ¿ 2)
Advance: — HIGH;−1 — HIGH;−1 LOW,+2
This leaves the parameters at (3;m − 2), while Am−k=2+1 has an odd number of
vertices remaining to be labelled, and the other branches between A3 to Am−3 have
not yet been touched; so our eOective partial labelling is f′3;m−3 with parameters
(3;m − 2). Letting c = k=2, m′ = m, and i′ = 3 we see that the labelling and pa-
rameters are fi′ ;m′−i′ and (i′;m′ − i′ + 1), which puts us into the acceptable state
(b); hence by Corollary 13 we can :nish gracefully, and T has a 0-centred graceful
labelling.
(4b) k = 6. In this case Am−k=2+1 = Am−2, so the above procedure needs this branch
to have size ¿ 5 to work, but it is otherwise unaOected. If none of the branches have
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size ¿ 3, the following construction will work:
Branch A1 Am−2 Am−1 Am
Size constraint ¿ |Am−1| Size = 3 6 |A1| Size = 3
Vertex label 6 2 m− 4 4 m− 5 5
Edge label 5 m− 4 2 m− 6 4 m− 5
EOective P/S Even/nil Nil Even/nil Even
No degree 1 vertices in A3 or Am−3 are touched, but A3 must be a size 3 branch.
This leaves us, as before, with the parameters (1;m). The idea this time is that if there
is anything left to label in A1 or Am−1 we can take care of it without aOecting this
situation; we then use the two vertices left in Am and the 3 left in A3 to “jump the
parameters” to where the next active branch will be. If the :rst stage completes A1
(and hence Am−1) we can start immediately with Am:
Par (1;m) (1;m− 1) (1;m− 1) (1;m) (3;m) (3;m− 3)
Br. A1 Am−1 A1 Am A3 Am−3
No. 1 All 1 All All All
Adv HIGH;−1 — HIGH,+1 LOW,+2 HIGH;−3 N.A.
(4c) k = 4. This time we have that Am−k=2+1 = Am−1. The original prelabelling given
for k¿ 8 will work, since the constraints on Am−k=2+1 and Am−1 are not incompatible;
in the initial stage we just label three vertices in Am−1. Since the second stage will
then label T completely, taking us to state (*), we can relax the size constraint on
Am−2 as well.
(5) T has all branches odd, at least one with size ¿ 3, at least two with size = 1.
In the :rst stage we augment f% by labelling 4 degree 1 vertices so as to obtain a
closed partial labelling with parameters (1;m):




Constraint None Size = 1 Size = 1 Size¿ 3
Vertex label k2 + 2 2 m− k2 − 1 k2 + 1
Edge label k2 + 1 m− k2 − 2 2 m− k2 − 1
EOective P/S Even/nil Nil Nil Even
In the second stage we merely label whatever unlabelled vertices are left in A1,
maintaining the parameters, then label the remaining vertices in Am so as to ad-
vance the parameters by 2, to (3;m). If k = 4 we are now done; otherwise, since
the prelabelling has taken care of Am−k=2 and Am−(k=2)+1, the unlabelled branches are
now A3; : : : ; Ak=2; Am−(k=2)+2; : : : ; Am−1. Setting c = k=2, m′ = m + 2, and i′ = 3 we see
that we have unlabelled branches Ai′ ; : : : ; Ac and Am−c; : : : ; Am′−i′ , all odd, so the partial
labelling is eOectively fi′ ;m′−i′ with parameters (i′;m′− i′+1). This of course is again
the acceptable state (b), so by Lemma 12 Corollary 13 we can :nish gracefully, and
T has a 0-centred graceful labelling.
These two reductions cover all T with an even number of branches, all of which
have odd size, except for the one case where all the branches have size 1. These are
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Fig. 8. 0-centred graceful labelling of the 6-comet.
of course k-comets with k even. For k-comets there are known constructions which
always results in a 0-centred graceful labelling [7,9]: Let T be a k-comet with k even,
where vC is the centre vertex, w1; w2; : : : ; wk are the vertices adjacent to vC , and ui is
the degree 1 vertex adjacent to wi. The labelling f of T de:ned by
f(vC) = 0;
f(wi) = 2i;
f(ui) = 2(k − i) + 1
is a 0-centred graceful labelling. An example is given in Fig. 8.
5. Trees that are 0-ubiquitously graceful
We are now in a position to prove Theorem 7, which states that all trees of diameter
6 4 are either in D′ or are 0-ubiquitously graceful, and that those in D′ can be
gracefully labelled with 0 assigned to any vertex but one (up to automorphism). The
proof depends heavily upon our previous characterizations of D and D′, as well as
Theorem 5.
Proof. The proof will make use of the following two facts:
(1) Let G be a graph with distinguished vertex v, let S be a k-star, and let G¡ be the
graph formed by identifying the centre of S with v. If there is a graceful labelling
f of G such that f(v)= 0, then there is a graceful labelling f¡ of G¡ such that
one of the degree 1 vertices of the attached S is given the label 0. Since switching
the labels of any two of these degree 1 vertices results in an automorphism, all of
them can be 0-labelled.
(2) Let G be a graph with distinguished vertex v, let S be a k-star, and let G∗ be
the graph formed by identifying a degree 1 vertex of S with v. If there is a




∗ such that f∗1 assigns 0 to the centre of the attached S, and
f∗2 assigns 0 to any of the degree 1 vertices of S except the one identi:ed
with v.
These both follow by repeated application of the basic operations mentioned in
Section 1.1: “sprouting” a high labelled vertex from a 0 labelled vertex, and using the
complementary labelling to exchange the high and 0 labels.
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By inspection trees of diameter 6 2 (the k-stars for k¿ 0) are 0-ubiquitous; that
diameter 3 trees are 0-ubiquitous as well follows by (1) above (we let G be a k ′-star,
where k + k ′ + 2 is the order of the diameter 3 tree). This leaves us with trees of
diameter 4.
Let T be a diameter 4 tree, and let v be a vertex ofT . Wewill look at the following cases:
1. T has ¿ 4 branches: By Theorem 5, if v is the centre vertex, we have a graceful
labelling f of T such that f(v)=0. Otherwise, let A be the branch of T containing v.
Since T ′=T −A still has ¿ 3 branches, Theorem 5 still applies and T ′ has a 0-centred
graceful labelling; hence by (2) above there is a graceful labelling f′ of T such that
v in A has the label 0 (we use an (|A|+ 1)-star).
2. T has 2 branches: If T is in D then by de:nition it is in D′, and the centre of T is
the unique vertex which cannot be labelled 0 in a graceful labelling; otherwise by the
characterization theorem (3) T does have a 0-centred graceful labelling. In either case
if v is any other vertex in T there is a graceful labelling f of T such that f(v)=0; if
we remove one branch the remaining tree is a k-star, which is 0-ubiquitously graceful,
so we can apply the same reasoning as in case 1.
3. The centre of T has degree 3: By Theorem 5 T always has a 0-centred labelling;
so our concern is with non-centre vertices. The members of D′ which have diameter
4 fall into 3 groups:
(a) Trees in D (handled in the previous case).
(b) Trees obtained from those in D by attaching a pendant edge to the centre.
(c) Trees obtained from those in D by growing a path of length 2 from the centre.
Let m be the number of edges in T , and let A be the branch containing the vertex
v we want to label 0. There are 2 subcases:
1. v is adjacent to the centre vertex:
• If A is an odd branch, by the construction for the odd case of Theorem 5 there is
a 0-centred graceful labelling f of T such that v, the root of A, is labelled m; the
complementary labelling Jf then has Jf(v) = 0.
• If |A| is even and ¿ 2, let u be a degree 1 vertex adjacent to v; by exactly the
same reasoning as above T − {u} has a 0-centred labelling f with f(v) = m − 1.
Taking the complement and reattaching u with label m results in a graceful labelling
f′ with f′(v) = 0.
• If v has degree 1, then either T − {v} is not in D, so it has a 0-centred graceful
labelling and by (1) there is a graceful labelling of T with v assigned 0; otherwise,
T is in D′, and v is the unique vertex in T which cannot be labelled 0 in a graceful
labelling.
2. v is not adjacent to the centre:
• If |A| is even (hence necessarily ¿ 2) we can use the construction for even branches
immediately above; taking the complement again gives us Jf
′
(u) = 0, so reversing
the roles of u and v does the trick.
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• If |A| is odd and ¿ 3 the same approach works, this time removing two degree 1
vertices from A instead of one to obtain the intermediate labelling.
• If |A|= 1, then if T − {v} is not in D′ we know by the degree 1 case for vertices
adjacent to the centre that there is a graceful labelling of T − {v} such that v’s
neighbour is labelled 0; hence by (1) T has a graceful labelling where v is labelled
0. Otherwise, T is in D′ and either v is the unique vertex which cannot be labelled 0
in a graceful labelling, or T has exactly two branches with size 1, and the degree 1
vertices of neither can be labelled 0 in a graceful labelling (if all 3 of T ’s branches
have size 3, T is not in D′).
5.1. Closing remarks
Theorems 5 and 7 along with our empirical results have given us some reason to
hope that we do indeed have a characterization of non-0-centred and non-0-ubiquitously
graceful trees:
Conjecture 4. The set of trees which are not 0-centred graceful is exactly the class D.
Conjecture 6. The set of trees which are not 0-ubiquitously graceful is exactly the
class D′.
The assumption of 0-ubiquity is much stronger than simple gracefulness, and may
be of use in pushing forward towards gracefulness proofs of larger subclasses of trees.
One way to go from here is to see what other constraints can be added without making
it too diRcult to obtain the desired labellings. Some empirical data has been collected
in the following three cases [10]:
1. Edge labels: One natural extension is to consider induced edge labels rather
than vertex labels. De:ning k-edge-centered gracefulness (for odd diameter trees)
and k-edge-ubiquitous gracefulness in a way analogous to our previous de:nitions
of k-centered and k-ubiquitous gracefulness, we can ask, for example, if any trees
on m edges are m-edge-ubiquitously graceful. It turns out that in the lower orders
most are, with the proportion seeming to (roughly) increase with m (over 90% by
order 14).
• Are there simple characterizations of the trees which are not m-edge-centred grace-
ful or not m-edge-ubiquitously graceful? What structural factors come into play in the
m-edge-ubiquitous case which are not involved in the characterization of non-0-ubiquitously
graceful trees?
2. Ubiquitously graceful trees: As well, we may wonder what happens when we con-
sider vertex labels other than 0. The reader will recall that a tree T on m edges is
simply ubiquitously graceful if it is k-ubiquitously graceful for all k=0; 1; : : : ; m. Again,
the empirical data we have suggests that ubiquitously graceful trees are surprisingly
prevalent (around 80% of all trees by order 14).
• Do constructions or characterizations exist for signi:cant sub-classes of ubiquitously
graceful trees? Non-ubiquitously graceful trees?
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3. Bipartite labelling conditions: A labelling f of a bipartite graph g is called bipartite
if for some bipartition of G into the sets (A; B) we have
∀v∈A;∀u∈B: f(v)¡f(u):
Bipartite graceful labellings (also called #-valuations) have been much studied for
various reasons; in particular, simple recursive constructions exist which make use of
assumptions about which vertices receive the label 0. Hence we may be interested in
the extent of 0-centred and 0-ubiquitously graceful trees when we restrict our attention
to bipartite graceful labellings. Not all trees have a bipartite graceful labelling in the
:rst place, but the empirical evidence suggests that most are 0-ubiquitously bipartite
graceful anyhow, the proportion rising with the order n (approximately 70% by order
14).
• Can (most) non-0-centred bipartite graceful trees be easily characterized?
• Do constructions exist for signi:cant sub-classes of 0-ubiquitously bipartite grace-
ful trees?
Another thing that may be worth looking into is the construction used for Theorem
5. The idea of building up to a graceful labelling by way of successive partial labellings
is very natural; with closed con:gurations we have additional leverage which can be
brought to bear on this approach. While there are particular graceful labellings of par-
ticular trees that cannot be constructed via partial labellings with closed con:gurations
at every stage, it is still open whether there are trees that have no graceful labelling
that can be completed this way.
• Does every tree have some graceful labelling which can be obtained by way of
a series of partial labellings with closed con:gurations? If not, what characterizes
those that do (or those that do not)?
Even if closed con:gurations may not give us enough to tackle arbitrary graceful
labelling problems, they have de:nite potential with trees that are relatively “shallow”
(in the sense that they consist of a very simply structured base graph with branches of
bounded depth sprouting from certain of the vertices). Among subclasses of trees that
fall into this description are the “lobsters”, which are built by attaching any number
of depth two branches to the vertices of a path. Though these were conjectured by
Bermond to be graceful in the 1970’s, only a few special cases have been proven so
far [2,5].
References
[1] R. Aldred, B. McKay, Graceful and harmonious labellings of trees, Bull. ICA 23 (1998) 69–72.
[2] J.-C. Bermond, Graceful graphs, radio antennae, and French windmills, in: R. Wilson (Ed.), Graph
Theory and Combinatorics, Pitman Publishing Ltd., London, 1979, pp. 18–37.
[3] H. Broersma, C. Hoede, Another equivalent of the graceful tree conjecture, Ars Combin. 51 (1999)
183–192.
[4] F. Chung, F. Hwang, Rotatable graceful graphs, Ars Combin. 11 (1981) 239–250.
[5] J. Gallian, A dynamic survey of graph labeling, Electron. J. Combin. Dynamic Surveys DS6 (2002) 95.
[6] A. KXezdy, H. Snevily, Distinct sums modulo n and tree embeddings, Combin. Probab. Comput. 11
(2002) 35–42.
218 F. Van Bussel / Discrete Mathematics 277 (2004) 193–218
[7] A. Rosa, On certain valuations of the vertices of a graph, in: Theory of Graphs, International Symposium,
Rome, July 1966, Gordon and Breach, NY, 1967, pp. 349–355.
[8] A. Rosa, Labeling snakes, Ars Combin. 3 (1977) 67–74.
[9] R. Stanton, C. Zarnke, Labellings of balanced trees, Congr. Numer. 8 (1973) 479–495.
[10] F. Van Bussel, Towards the graceful tree conjecture, M.Sc. Thesis, University of Toronto, Computer
Science Department, 2000.
[11] D. West, Introduction to Graph Theory, Prentice-Hall, Englewood CliOs, NJ, 1996.
